Image charge effects in nanoscale junctions with strong electron-phonon coupling open the way to unexplored physical scenarios. We propose a simple and still accurate many-body approach to deal with the simultaneous occurrence of the Franck-Condon blockade and the screening-induced enhancement of the polaron mobility. A transparent analytic expression for the polaron decay rate is derived and the dependence on the strength and range of the screening is highlighted. This allows us to interpret and explain several transient and steady-state features of the electrical current. Remarkably, we find that the competition between the charge blocking due to the electron-phonon interaction and the charge deblocking due to the image charges gives rise to a novel mechanism of negative differential conductance. An experimental setup to observe this phenomenon is discussed.
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I. INTRODUCTION
The excitation of quantized vibrational modes due to passage of electrons in a molecular junction is at the origin of a variety of intriguing transport phenomena. 1 In the polaronic (strong coupling) regime electrons are blocked by the FranckCondon effect and tunneling occurs via excitations of coherent many-phonon states. 2, 3 This remarkable charge-transfer process engenders vibrational sidebands in the differential conductance dI/dV , as recently observed in state-of-the-art experiments on carbon nanotube quantum dots (QDs). 4 A proper treatment of Coulomb charging and nuclear trapping already explains several features of the measured dI/dV . Nevertheless, low-dimensional leads screen a charged QD by accumulating holes (image charges [5] [6] [7] [8] [9] [10] ) in a considerably extended portion nearby the contacts, thus enhancing the electrical current to a large extent (Coulomb deblocking). [11] [12] [13] [14] A quantitative assessment of screening effects in polaronic transport is therefore necessary before an exhaustive interpretation of the experimental outcomes can be given.
This paper contains methodological and conceptual advances on the transport properties of screened polarons. We put forward a simple and still accurate method to calculate the relaxation dynamics as well as the steady-state characteristics of biased and/or gated QDs. The key quantity is the polaron decay rate for which we derive a transparent analytic expression, highlighting the impact of the electronelectron (ee) interaction on systems with electron-phonon (ep) coupling. So far numerical simulations have been limited to ep interacting systems and, for all available data, we find excellent agreement. [15] [16] [17] [18] In particular the extraordinary long-transient dynamics recently discovered in Ref. 16 is faithfully reproduced. The simultaneous presence of ee and ep interactions opens new scenarios. Relaxation still occurs through a long-lasting sequence of blocking-deblocking events but the distinctive spikes in the transient current become much more pronounced. Noteworthily, the Coulomb deblocking has unexpected repercussions on the steady state. Besides a substantial raising of the phonon-assisted current steps, regions of negative differential conductance (NDC) are found in the dI/dV . The NDC is neither related to the asymmetry of the junction, 19, 20 nor to the finite bandwidth of the leads, 21 local charging effects, 3 or range of the tunneling amplitude, 22 and disappears if the ep and ee interactions are considered separately. This novel mechanism, which is of interest on its own, complements the current understanding 19 of NDC observed in QDs. 4 The paper is organized as follows. In Sec. II we introduce the model Hamiltonian and work out its low-energy expression. Section III contains a detailed presentation of the theoretical framework. We use the bosonization technique and the Lang-Firsov transformation to rewrite the original Hamiltonian in a form suited to deal with the ee and ep interactions nonperturbatively. Then, we derive the equations of motion for the QD Green's function and propose an accurate truncation scheme for their solution. Here we show that polaronic and image charge effects can be incorporated into a correlated embedding self-energy which we calculate analytically. The equations of motion for the Green's function, also known as the Kadanoff-Baym equations, are solved numerically in Sec. IV to extract the transient current. For vanishing ee interactions the accuracy of the approach is demonstrated by comparing the results with exact numerical data. 16 We provide a real-time picture of the Franck-Condon blockade (FCB) and show how the screening changes the FCB scenario. In Sec. V we focus on the steady-state regime. We benchmark the results against available (zero ee interaction) numerically exact I-V characteristics 15 and find good agreement in this case too. In Sec. VI we extend the steady-state analysis and calculate the differential conductance dI/dV as a function of bias and gate voltage. The screening gives rise to regions of NDC similar to those observed in carbon nanotube (CNT) QDs. In Sec. VII we generalize the theory to systems with long-range screening and study the impact of the screening length on the I-V characteristic. The technical details of this generalization are presented in an Appendix. A summary and the main conclusions of this work are drawn in Sec. VIII.
II. LOW-ENERGY HAMILTONIAN
We consider a single-level QD symmetrically connected to two one-dimensional leads of length L = N a, with a the lattice spacing and N the number of lead sites. Electrons on the QD are coupled to a vibrational mode and, at the same time, to electrons in the leads. The Hamiltonian readŝ
where the fermion operatorsd αj (d † αj ) andd (d † ) destroy (create) an electron in the j th site of the α = L,R lead and in the QD, respectively, while the boson operatorâ (â † ) destroys (creates) the local vibrational quanta. 23 The electron occupation number operators are defined asn d =d †d and n αj =d † αjd αj . In Eq. (1) t w is the (positive) nearest-neighbor hopping in the leads, T l is the dot-lead tunneling amplitude, d is the gate voltage, ω 0 is the phonon frequency, λ is the electron-phonon coupling, and U is the QD-lead Coulomb repulsion. The system is driven out of equilibrium by the sudden switch-on of an external biasĤ V = α V αNα , witĥ N α = jn αj the total number of electrons in lead α and V = V L − V R the voltage drop. We observe that the Hamiltonian H reduces to the interacting resonant level model [12] [13] [14] 24 for λ = 0 and to the Anderson-Holstein model [15] [16] [17] [25] [26] [27] for U = 0. In a recent work Maier and Komnik studied the nonequilibrium steady-state properties ofĤ at the Toulouse point. 28 Here we go beyond their investigation by considering arbitrary couplings U and λ and by extending the analysis to the transient regime.
As we are mainly interested in the small bias behavior, V t w , we derive the low-energy form of Eq. (1) 
where k = −2t w cos(ka), and the fermion operatorŝ 
In order to complete the low-energy mapping we have to work out the low-energy form of the tunneling and interaction part ofĤ . This requires one to find a relation between the lattice operatord αj and the field operatorψ α (x). We havê
For j = 1 we can further approximate the right-hand side aŝ
Taking into account thatn α1 =d † α1d α1 and collecting the pieces together we end up with the low-energy Hamiltonian
where
aT l , and u = 4aU . In the next section we show how to manipulate Eq. (7) to deal with the ee and ep interactions in a nonperturbative manner.
III. THEORETICAL FRAMEWORK A. Bosonization and Lang-Firsov transformation
According to the bosonization technique we express the field operators as 30ψ
π iφ α (x) , with η α the anticommuting Klein factor and boson field
In Eq. (8) 
π , and the Hamiltonian becomeŝ
We can now eliminate the ep and ee coupling [third line of Eq. (9)] by performing a Lang-Firsov transformationĤ = U †ĤÛ . This is achieved by the unitary operator (from now on sums are over q > 0)
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In the explicit form of the transformed Hamiltonian
is renormalized by a polaronlike shift andf α0 is the screened polaron field 
In the following we consider the system initially uncontacted (t l = 0) and then switch on contacts and bias.
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B. Equations of motion
Equation (11) is an exact low-energy mapping of the original Hamiltonian. Here we present a simple and accurate truncation scheme to close the equation of motion for the QD Green's function. We define the QD Green's function on the Keldysh contour 35 as G(z,z ) = 
is the QD-lead Green's function which in turn satisfies
In Eq. (14) we took into account the identity
The central approximation of our truncation scheme consists in replacing the average on the right-hand side of Eq. (14) with (f † α0f αx +f αxf † α0 )(z) 0 G(z,z ) where · · · 0 signifies that operators are in the Heisenberg picture with respect to the uncontacted but biased Hamiltonian. This approximation corresponds to discard virtual tunneling processes between two consecutive ep or ee scatterings and, therefore, becomes exact for t l = 0. Unlike other truncation schemes, 36 however, also the noninteracting case (λ = U = 0) is exactly recovered.
To solve Eq. (14) we define the Green's function
Therefore
and inserting this result into Eq. (13) we obtain a closed equation for the QD Green's function
is a correlated embedding self-energy whose greater/lesser Keldysh components are related to the decay rate for an added/removed polaron. In fact, > α (t,t ) is proportional to the amplitude for an electron in the QD to tunnel in lead α at time t , explore virtually the lead for a time t − t , and tunnel back to the QD at time t. A similar interpretation applies to < α . Using the Langreth rules 35 we convert Eq. (18) into a coupled system of Kadanoff-Baym equations [38] [39] [40] [41] [42] which we then solve numerically once an expression for α is given.
The Green's function g αxαx (z,z ) can be calculated analytically being the average of coherent-state operators over the bosonic vacua. The greater/lesser Keldysh components read (20) with ratio g = (λ/ω 0 ) 2 and u-dependent exponent β = 1 +
. Inserting this result into Eq. (19) we find 
IV. TRANSIENT REGIME
From the solution of Eq. (18) we can extract the timedependent (TD) QD density as well as the TD current I α (t) at the α interface
We apply a symmetric bias V L = −V R = V /2 and calculate I (t) = [I L (t) + I R (t)]/2 for the parameters of Fig. 1 . The U = 0 curve is almost on top of the diagrammatic Monte Carlo simulation. 16 The TD current displays quasistationary plateaus between two consecutive times 2nπ/ω 0 ; around these times we see sharp spikes. For U > 0 we observe a significant enhancement of the current; the plateaus bend and the amplitude of the spikes increases. We understand this peculiar transient behavior by inspecting the self-energy the overlap between the shifted phonon-cloud wave functions is negligible (small | < (t)|). Only after a dwelling time of order 2π/ω 0 this overlap is again sizable, the electron returns to the QD (large | < (T + 2π/ω 0 )|), and the cycle restarts. The physical interpretation offered by Eq. (21) enables us to explain the structure of the transient, how the system approaches the FCB regime, and how image-charge effects change the picture. Indeed, a nonvanishing U modifies the envelope of | < | from the noninteracting power law 1/t to 1/t β (see bottom panel of Fig. 2 ). According to the cartoon an electron in the QD causes a depletion of charge (image-charge effect) in the vicinity of the interface, thus facilitating the tunneling (Coulomb deblocking). [11] [12] [13] [14] Similarly, when the electron is in the leads the hole left on the QD acts as an attractive potential and the probability to tunnel back increases. This explains the enhancement of I in Fig. 1 .
V. STEADY STATE
In the steady-state regime G and α depend only on the time difference and can be Fourier transformed. The steady currentĪ is given by a Meir-Wingreen-like formula 14, 25 
where the explicit expression for the self-energy in frequency space reads
with ω ≶ αn = ω ± nω 0 − V α , (β) the Euler-gamma function, and θ the Heaviside step function. 43 In Fig. 3 we show the I-V curve for different λ at U = 0 (left panel), and for different U at fixed λ = 10 (right panel). The former is benchmarked against real-time path-integral Monte Carlo results. 15 Again we find quantitative agreement from weak to strong coupling. The FCB suppression ofĪ at large λ as well as the phonon-assisted current steps at V = 2ω 0 are correctly reproduced. Turning on the ee interaction the Coulomb deblocking takes place andĪ increases for all V . We still observe phonon-assisted steps but, unexpectedly, they bend downward giving rise to regions of NDC. This phenomenon is driven by the competition between ee and ep interactions (no NDC for U = 0 or λ = 0). By further increasing the bias a crossover occurs: The steps are attenuated and the current acquires a power-law decayĪ ∼ V β−1 . In this region the system behaves as if the ep coupling were zero.
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VI. NEGATIVE DIFFERENTIAL CONDUCTANCE
We investigate further the NDC aspect by calculating the dI/dV as a function of voltage V and gate˜ d . NDC regions have been observed in QDs formed between the defects of a CNT. 4 Even though theoretical studies have so far focussed on the ep coupling, 4, 19 the left/right portion of the CNT screens the charge accumulated on the QD. Our Hamiltonian represents the simplest generalization of previous models to include this image-charge effect. We use parameters from the literature: ω 0 = 1 meV, λ = 1.82 meV, a = 2.46Å, v F = 8.1 × 10 5 m/s, = 0.1 meV, and = 0.1 eV. 44 For the ee coupling we take U < 1 eV, since in CNTs the on-site repulsion is ∼ 5 eV. 45 In Fig. 4 we show the contour plot of the dI/dV for three different U s. The U = 0 case accurately reproduces the FCB diamonds obtained within the rate equations approach 3 and later observed in experiments. 4 However, no signatures of NDC are found. For U = 0.25 eV, instead, spots of NDC appear inside the diamonds, in qualitative agreement with the experiment. Increasing U even further the NDC regions expand, and horizontal stripes of large conductance emerge. These stripes are suppressed by the strong, local repulsion (not considered here) responsible for the Coulomb blockade. 
VII. GENERALIZATION TO LONG-RANGE INTERACTIONS
Our approximation scheme can be generalize to deal with long-range QD-lead ee interactions. We consider an interaction u(x) between an electron in the QD and a density fluctuation n(x) at distance x. The generalization of Eq. (7) iŝ
The contact interaction previously considered is recovered for u(x) = uδ(x). The correlated embedding self-energy is still given by Eq. (19) but the Green's function g now reads (see Appendix)
with exponent
In The long-range interaction tends to increase the current since the depletion of charge extends over a longer portion of the leads (enhancement of the Coulomb deblocking). The consequences for the NDC are that for small u (left panel) the NDC is more pronounced, while for large u the NDC is significantly suppressed.
VIII. SUMMARY AND CONCLUSIONS
We presented a comprehensive analysis of the nonequilibrium properties of a QD with an ep coupling λ and an ee QDlead repulsion U . The Hamiltonian reduces to the interacting resonant level model for λ = 0 and to the Anderson-Holstein model for U = 0. Here we considered the presence of arbitrary couplings U and λ. Combining the bosonization method with nonequilibrium Green's function theory we obtained the Kadanoff-Baym equations for the QD Green's function. The self-energy is approximated using a truncation scheme in the polaronic basis and has a simple analytic form which accounts for the level broadening due to the leads as well as for the ep and ee interactions. Excellent agreement with available numerical results is found in the transient and in the steady-state regime. The formula for the self-energy renders the physical interpretation of the results direct and intuitive. We also showed that the competition between FCB and Coulomb deblocking leads to a novel mechanism for the NDC, and studied the dependence on the screening length. This NDC mechanism occurs in QD weakly coupled to low-dimensional leads, like those recently realized with CNT.
